We study theoretically and numerically third-harmonic generation (THG) from model geometries (interfaces, slabs, periodic media) illuminated by Bessel beams produced by focusing an annular intensity profile. Bessel beams exhibit a phase and intensity distribution near focus different from Gaussian beams, resulting in distinct THG phase matching properties and coherent scattering directions. Excitation wave vectors are controlled by adjusting the bounding aperture angles of the Bessel beam. In addition to extended depth-of-field imaging, this opens interesting perspectives for coherent nonlinear microscopy, such as extracting sample spatial frequencies in the λ /8 -λ range in the case of organized media.
Introduction
Coherent nonlinear microscopy techniques such as second-harmonic generation (SHG), thirdharmonic generation (THG) or coherent anti-Stokes Raman scattering (CARS) microscopies are receiving considerable attention. These imaging modalities are all compatible with twophoton excited fluorescence (2PEF) microscopy and provide complementary information on sample intrinsic nonlinear optical properties with micrometer three-dimensional (3D) resolution [1] [2] [3] [4] . One specificity of coherent nonlinear imaging techniques is that they are sensitive to both the sub-micrometer structure of the sample and the spatial distribution of the excitation laser field near its focus [5] [6] [7] . Indeed, the detected signal results from the coherent superposition in the detection plane of waves originating from different locations near focus, and the visibility of a particular distribution of scatterers is determined by interference phenomena. Engineering the spatial distribution of the intensity, phase and polarization of the focused driving field is possible by controlling the field at the pupil of the objective [8] [9] [10] . In coherent nonlinear imaging, focus shaping generally results in a modulation of phase matching and far-field scattering patterns [11] [12] [13] , which potentially provides information about the sample microstructure.
In this article, we will focus on third-harmonic generation (THG) microscopy [14, 15] , an imaging modality which has proven useful for biological imaging [4, [16] [17] [18] [19] and which is particularly sensitive to the interplay between sample and field structure. The most remarkable characteristic of THG microscopy with a Gaussian excitation beam is that no signal is obtained from a homogeneous positively dispersive sample [14] . This is due to the large phase mismatch accumulated between the fundamental and the harmonic beam across the focal region, owing to the Gouy phase shift of focused Gaussian beams. In contrast, a non-zero THG signal is obtained around χ (3) (−3ω; ω, ω, ω) inhomogeneities, with an efficiency depending on the relative axial sizes of the inhomogeneity and of the focused Gaussian beam [7] .
Regarding focus shaping, we will concentrate on Bessel beams [20] [21] [22] [23] which, as we will see, provide a convenient means to control the excitation wave vectors for coherent nonlinear processes such as THG. We will specifically consider Bessel beams as obtained by focusing an annular intensity distribution using a high numerical aperture (NA) objective lens. The use of an annular aperture in the back focal plane of a lens has been investigated even before Bessel beams were defined as such, and this arrangement was shown to increase the depth of field of an imaging system [24] . Since then, Bessel beams have received significant attention for microscopy applications. Their main characteristic for imaging applications is that they provide an extended depth of field without compromising the lateral resolution of the system, which has been explored in linear microscopy [25, 26] , as well as in 2PEF microscopy [27] [28] [29] [30] . The fact that they exhibit "self-reconstructing" properties [31] also makes them attractive for imaging within complex media [32] . Finally, their phase and intensity distribution results in specific phase-matching mechanisms in nonlinear optics, which attracted some attention for SHG [33, 34] and THG [35] [36] [37] [38] [39] .
The use of Bessel beams for THG microscopy is therefore interesting for two reasons. Firstly they can provide an extended depth of field; secondly, they are expected to modify the phasematching mechanisms and therefore the contrast of THG microscopy images, and possibly provide additional structural information. Our aim in this article is to shed light on these processes in a simple context: we only consider isotropic media, and an incoming linear polarization. In section 2 we outline the geometry considered, we discuss basic properties of Bessel beams, and we investigate THG phase matching in the context of Gaussian and Bessel beams. In section 3 we subsequently use a vectorial numerical model adapted to the high NA focusing conditions used in microscopy [6, 11] to study THG from axial slabs, interfaces, and axially periodic samples excited using tightly focused Gaussian and Bessel beams.
Modeling of signal generation and properties of the excitation field distribution

Model
The method used to calculate THG from arbitrary excitation fields and sample geometries is detailed in [11] . Briefly, the focal field distribution is first calculated using a Debye-Wolf diffraction integral [40] , as further discussed in the next subsection. Because the signal emitted from an homogeneous medium is zero (see subsection 2.3), the non linear susceptibility is assumed to be zero outside the sample. The induced nonlinear polarization in the sample volume is then calculated for a given spatial distribution of the sample nonlinear susceptibility χ (3) . The resulting nonlinear field is finally propagated into the far field using Green's functions [6, 41] , and signal levels and scattering patterns are analyzed. The notations used in the article are summarized in Fig. 1 . Apart from the case of imaging axially periodic media, we will consider THG in the forward direction only (|θ T HG | < π/2) since backward THG is in most cases orders of magnitude weaker than forward THG because of larger phase mismatch [42] . 
Non-paraxial focusing of Bessel beams
For reference, we remind the reader that a perfect (theoretical) Bessel beam would be obtained by focusing an infinitely narrow transverse intensity distribution and can be described as:
Such an ideal Bessel beam is non-diffractive (i.e. the intensity does not depend on z) and is characterized by a rapid on-axis phase variation.
We consider now experimentally more realistic Bessel beams produced by propagating an incident x-polarized Gaussian beam through an annular aperture at the back aperture of a high NA objective, and we neglect diffraction at the aperture edges. The phase and amplitude at the back aperture are supposed to be constant over the annulus. Such beams can be described using two parameters: NA B and ΔNA with NA B = n.sin(θ B ) and ΔNA ≈ 2n.cos(θ B ).Δθ , where θ B depends on the radius of the annular aperture, and ΔNA represents the width of this aperture. The focal field E f can be expressed as a function of θ B and Δθ as:
with:
Here J 0 , J 1 and J 2 are the zero, first and second order Bessel functions. We note that a Gaussian beam with numerical aperture NA is obtained when setting Δθ = θ B = The most important phenomenon for scanning microscopy is the increase in axial extension, which makes Bessel beams a prime target for extended depth of field imaging [27, 28] . This is particularly clear when comparing the Gaussian beam with the fourth Bessel beam in Fig. 2A (NA B = 0.95 ± 0.05), for which the axial extension is increased by a factor ≈ 10 for a similar maximum NA. The secondary rings are generally an issue in linear microscopy because they generate considerable background. However their influence on THG contrast is expected to be more limited due to the nonlinear dependence of the signal generation on the excitation intensity. In addition, since the lateral extension of the third-order point spread function (PSF) is mostly determined by the principal excitation focus, its reduced lateral extension is a side benefit corresponding to a gain in the lateral resolution of the image. This improvement comes at the cost of energy being redistributed in the secondary rings, implying that higher excitation power may be required experimentally. Figure 2B summarizes these considerations by showing the intensity full width at half maximum (FWHM) in z and in x as a function of NA B and ΔNA. Whereas the lateral resolution is principally determined by NA B , the axial extension strongly depends on ΔNA, as can be seen on the two graphs showing the lateral and axial FWHM as a function of ΔNA for NA B = 0.95. For a given lateral resolution, it is therefore possible to increase the axial extension by decreasing ΔNA. Additionally, a crucial parameter for a coherent nonlinear effect such as THG is the spatial distribution of the phase. In line with previous reports [43] , Fig. 2D shows that the axial phase gradient exhibited by the beam near its focus increases as NA B is increased, and increases weakly as ΔNA is decreased. This phenomenon results in different phase-matching properties for Bessel beams as compared to Gaussian beams.
Phase-matching mechanisms
It has been previously noted that third-harmonic generation by a Bessel beam can be described as a Bessel-Bessel interaction [36] . In the case of a perfect Bessel beam, the phase matching condition reads:
where k ω (resp. k 3ω ) is the wave vector at the fundamental (resp. harmonic) frequency, i.e. |k ω | = 2πn ω /λ . The phase matching condition is thus satisfied in the case of a non-dispersive medium for which n ω = n 3ω along a THG scattering cone with angle θ T HG = θ B . As a result, THG is obtained from an homogeneous medium. This is in contrast with the case of Gaussian excitation, which in the case of a homogeneous medium and a Gaussian-Gaussian interaction yields:
where k g,ω (resp. k g,3ω ) is a vector oriented along the z axis opposite to the beam propagation, which describes the Gouy phase shift around the focus of the excitation (resp. scattered) beam plotted on Fig. 2D [6] . In the case of a Gaussian beam with confocal parameter b, |k g,ω | ≈ π/4b. Because of this additional wave vector, phase matching is only achieved in media with negative dispersion, and no THG is obtained in the case of non dispersive or positively dispersive media. Instead, when considering samples with infinite transverse (x − y) extension, THG is obtained from interfaces and objects whose longitudinal size is of the order of the coherent construction length (or effective coherence length) l f w defined as:
When considering THG from a non-perfect Bessel beam produced by focusing an annular intensity distribution of finite angular spread ΔNA = 0, a similar behaviour is obtained. In this situation, THG can be described as a non-perfect Bessel -Bessel interaction and the phase matching condition follows Eq. (4), with (see derivation in Appendix):
where ΔNA T HG is the THG angular spread. From these equations, it can be seen that no bulk emission is obtained in the case of positive dispersion, or of zero dispersion unless k g,ω = k g,3ω = 0, which corresponds to the perfect Bessel -Bessel interaction for which ΔNA = ΔNA T HG = 0. Instead, coherent emission is obtained from structures with longitudinal size of l f w or less.
To further understand the mechanisms that govern THG emission in media with positive dispersion, two limits should be considered. First, if dispersion is zero or negligible (i.e. (k 3ω − k ω ) << k g ), emission is dominated by the phase mismatch due to tripling of the excitation Gouy phase shift. The longitudinal effective coherence length is then determined by the numerical aperture and angular spread of the excitation beam. Conversely in the case of large positive dispersion or Bessel beams with very long axial extension (i.e. (k 3ω − k ω ) >> k g ), emission is dominated by the material index dispersion between the fundamental and harmonic frequencies (n 3ω − n ω ), and depends little on the excitation beam parameters (numerical aperture, angular dispersion).
Additionally, following [36] , in the case of a Bessel excitation and a laterally infinite medium, phase matching should be investigated both in the lateral (x and y) and in the longitudinal (z) direction. Lateral phase matching appears through the integral:
This integral is zero for k 3ω sin(θ T HG ) > 3k ω sin(θ B ), so that emission can only be obtained for sin(θ T HG ) ≤ sin(θ B )n ω /n 3ω , thereby preventing longitudinal phase matching for n 3ω > n ω . This function also reaches a maximum for k 3ω sin(θ T HG ) = k ω sin(θ B ), which corresponds to sin(θ T HG ) = sin(θ B )n ω /(3n 3ω ). This situation has been termed self-phase matching [36] since the excitation and emission Bessel beams have identical lateral profile, thus maximizing coherent coupling. The self-phase matching angle θ T HG does not however simultaneously satisfy the longitudinal phase matching condition for non dispersive or positively dispersive media. Coherent construction of the signal for the self-phase matching angle is thus limited to a finite length, so that the magnitude of the signal created at this angle oscillates as a function of sample thickness.
In summary, the THG produced by a perfect or imperfect Bessel beam is mostly scattered along two directions : θ T HG ≈ θ B , which satisfies the longitudinal phase-matching condition; and θ T HG ≈ θ B /3, which satisfies the lateral self-phase matching condition. The first sample geometry that we consider in this study is that of a slab of variable width (e) with an infinite extension perpendicularly to the beam propagation direction (z). This geometry has been extensively studied in the case of Gaussian beams. The dependence of THG on slab width e gives straightforward information about the phase-matching efficiency along the zaxis [6, 7, 11] .
Results
THG from slabs
For this set of calculations, we neglect dispersion effects, i.e. we assume that n ω = n 3ω = n. We obtain therefore k 3ω = 3k ω , and the effective coherence length along the optical axis for a Gaussian-Gaussian interaction (or along θ T HG = θ B for an imperfect Bessel-Bessel interaction) can be expressed as:
This length is a good approximation of the slab width giving maximum THG. In the case of a Gaussian excitation, as the thickness e increases from zero, we first expect a coherent increase of the signal (THG scales as the number of emitters squared, i.e. as e 2 for a slab sample) until the effective coherence length is reached, and then a decrease as a function of e because of destructive interferences until the THG signal reaches zero for a homogeneous sample, as illustrated in Fig. 3A (black curve).
The same holds for a Bessel excitation, for which the decrease in THG intensity occurs for thicker samples due to the axial spread of the Gouy phase shift as ΔNA decreases. In addition, THG exhibits oscillations as a function of the slab thickness, which correspond to the oscillations of the self-phase matched and on-axis emission with periods ≈ k(cos(θ B /3) − cos(θ B )) and ≈ k(1 − cos(θ B )), respectively. The oscillations of the on-axis scattered component are illustrated on Fig. 3B . We normalized the simulations by considering a constant power at the back aperture of the objective. While the expected THG signal is significantly decreased (by a factor ≈15 for NA B = 0.95 ± 0.05) when using Bessel beams, due to energy being redistributed in the secondary rings, it is by no means negligible.
The scattering patterns for different slab thicknesses are investigated in more detail in Fig. 4 . Figure 4A illustrates THG scattering from a slab illuminated by a Bessel beam (NA B = 0.95 ± 0.05) as a function of slab width e and scattering angle. Three regimes are highlighted: on-axis scattering (red), intermediate-angle scattering (orange) and off-axis scattering (green) corresponding to three detection NA ranges, namely 0-0.2, 0.2-0.4 and 0.8-1. The integrated signal over these detection ranges is shown in Fig. 4B , along with the signal detected over the whole NA range (0-1.33). These different ranges can be linked to the three phase matching situations as discussed in the previous section: indeed in the absence of dispersion, THG scattering mostly occurs along the longitudinal (axial phase matching, θ T HG = θ B , off-axis scattering, green) and lateral (self-phase matching, θ T HG ≈ θ B /3, intermediate-angle scattering, orange) phase matching directions. Along the self-phase matching direction, we observe as expected dampened oscillations with a larger amplitude and period than along the on-axis direction. In contrast, at large angles we obtain emission from large e, indicating that the effective coherence length is larger than the slab widths investigated here. The diminishing total THG signal observed in Fig. 4A (black) on the considered range of slab thicknesses is therefore mostly due to the poorly phase-matched directions (red, orange). The signal created around θ T HG = θ B (green curve) is however also expected to decrease as the slab width is further increased, on a length scale given by the imperfect Bessel-Bessel coherence length (see Eqs. (5)- (7)), consistently with previous predictions [36] .
Influence of dispersion
We now consider the influence of linear dispersion, i.e. we assume that n ω = n 3ω . Indeed, while we focus mostly on non-dispersive media in this study to simplify the discussion of phase-matching mechanisms, most biological samples are positively dispersive (typically Δn ≈ 0.02 − 0.03) and dispersion cannot be neglected in practice. In the case of THG with a tightly focused Gaussian beam, phase-matching is dominated by the Gouy phase mismatch, meaning that dispersion has only a minor effect. However, we have seen that in the case of Bessel-Bessel coupling, the geometrical phase matching conditions are more favorable and the interaction length is larger, so the influence of dispersion may become significant when the medium coherence length defined as l c = π/Δn is shorter than the dispersion-free imperfect Bessel-Bessel interaction length. Figure 5 shows the THG signal as a function of the width of an axial slab for several values of n 3ω − n ω for a Gaussian beam (Fig. 5A , NA = 1.2) and a Bessel beam (Fig. 5B , NA B = 0.95 ± 0.05). As expected, THG is obtained in the case of a homogeneous negatively dispersive medium, both for the Gaussian and for the Bessel excitation, but this bulk emission disappears for zero or positively dispersive media. Nevertheless, the influence of dispersion on the curves of THG as a function of the slab thickness differs significantly for the two excitation geometries. In the case of the Gaussian excitation, apart from the bulk emission efficiency, the THG dependence on the sample size does not change much with dispersion. In particular, the slab thickness for which the maximum THG emission is obtained is little affected. On the contrary, the location of the maximum of the signal curve obtained for a Bessel excitation depends strongly on Δn. This is a straightforward consequence of the change in the non-dispersive effective coherence length of the beams compared to the dispersion coherence length l c = π/Δn. In particular, increasing the positive dispersion of the nonlinear medium reduces the slab width for which the maximum THG signal is obtained in the case of a Bessel excitation. This can be further understood by considering the scattering diagram for zero and positive dispersion (Fig. 5C ). As described in section 2.3, THG propagation angles cannot exceed θ B for a slab perpendicular to the propagation axis, and dispersion results in reduced phase-matching for waves scattered at this angle. This component therefore exhibits a bell-shaped variation as e increases, corresponding to the first period of an oscillating behavior with period l c = π/Δn. Intermediate-angle scattering retains its oscillating behavior in the presence of dispersion, although the frequency and amplitude of the oscillations are shifted.
Quasi phase-matching Bessel beams
In light of the calculation results obtained for the case of homogeneous slabs, we now consider THG from longitudinally periodic media illuminated by Bessel beams. We have seen that phase matching can be simply described in the case of Bessel excitation beams thanks to the limited variation of both phase gradient and intensity over long distances. Therefore Bessel beams are good candidates for quasi-phase matching (QPM) using axially periodic materials having a spatial period equal to twice the effective coherence length, which can compensate for the phase mismatch and produce efficient coupling between the excitation and harmonic beams over large propagation distances. For example, quasi-phase-matched SHG of Bessel beams has been experimentally demonstrated [44] .
We consider in this section an axially periodic medium where χ (3) oscillates along z with a period e. For simplicity, we neglect the changes in linear indices. Figure 6 illustrates the calculated THG signal as a function of the spatial period for the same Bessel and Gaussian beams considered in Fig. 3 . We point out several phenomena:
1. In each case, there is a resonant spatial frequency providing QPM, which is narrower for Bessel beams than for Gaussian beams, and gets narrower as the Bessel NA spread (ΔNA) gets smaller.
2. The enhancement of the total integrated signal for a given axial period (Fig. 6B) mostly stems from the resonance at the self-phase matching angle (θ T HG ≈ θ B /3), for which (quasi)-phase matching is then achieved both in the longitudinal and axial directions. 4. In the case of Bessel beams, the signal for large axial periods goes to zero only for large sample thicknesses, consistent with the calculations shown in Fig. 4A .
5. Since QPM can be achieved at the self-phase matching angle for which the secondary emission ring contribute efficiently to THG emission, the increased QPM efficiency yields a signal at resonance comparable to the Gaussian case.
It should also be noted that although the enhancement of the THG signal is larger for the self-phase matching angle, additional resonances occur for all emission angles for other axial periods. On-axis emission, in particular, is significant for a slightly smaller axial period.
Probing organized media using Bessel beams
This narrow near-axis quasi phase-matched scattering obtained with Bessel beams gives us one interesting possibility: probing organized media using these spatial resonances. We consider here the same geometry as in the previous paragraph, but assuming NA d,Max = n sin(θ d,Max ) = 0.2 to retain only the near-axis propagating THG (which would be simple to implement experimentally by using a low NA collection lens or adding a diaphragm after the collection optics), and we investigate the influence of excitation NA. Figure 7B illustrates the THG signal obtained from a axially periodic structure for several Bessel beams characterized by different numerical apertures and similar ΔNA. As NA B increases, the on-axis coherence length decreases (see section 3.1) so the spatial resonance period also decreases. Therefore, a very interesting property of Bessel beams is that they provide a way to probe the axial organization of a sample, since the spatial resonance period can be tuned from ≈ 500nm to ≈ 3μm by changing the excitation NA. We note that the resonance broadening observed for smaller NAs comes from the fact that we considered a constant ΔNA, and that it could be avoided by setting ΔNA ∝ NA B . In order to understand this dependence, we can express the on-axis wavevector mismatch mentioned in section 3.1 as:
From this expression, we can predict the QPM period:
This equation is plotted in black in Fig. 7E along with the QPM period calculated from the numerical simulations, and provides a good approximation of the resonance period. This confirms that THG efficiency for simple geometries (slab, periodic structure) can be described using simple phase-matching considerations, owing to the relative homogeneity of the intensity and phase gradient of the Bessel beams in the focal region. Similarly, the QPM period for the self-phase matching angle can be obtained as: 
which would in the same conditions correspond to approximately the same range of axial periods (blue line in Fig. 7E) .
If the detection NA d,Max is increased in order to also detect the self-phase matched contribution, the signal is increased by a factor ≈ 4, and the resonance range is slightly shifted and broadened. This is illustrated by the the dashed curves in Fig. 7B and by the difference between the two theoretical resonant spatial periods in Fig. 7E , shown as black and blue curves) . Finally, the use of higher detection NA would result in the detection of additional off-axis components and in a more complex signal (as in Fig. 6 ). We now consider backward QPM conditions, corresponding to the exact same sample geometry, but with a THG signal detected in the backward direction. We can see from Fig. 8D that we again observe spatial resonances, and that this resonant period increases with the NA considered.
From the geometrical phase-matching conditions illustrated in Figs. 8B and 8C, we can estimate the on-axis backward QPM resonance period as:
which is in good agreement with the maximum resonant period that can be determined from Fig. 8D .
To estimate the range of axial periods producing backward THG scattering, we can consider the following two limit cases. First for a null NA B , the Bessel beam turns into a plane wave for which the coherence length is l c = λ /12n, and hence p = λ /6n. In the other limiting case of NA B ≈ n, the axial component of the excitation wave vector becomes negligible and we have: If we now consider both forward and backward resonances, we can see from Eqs. (11) and (13) that we can probe periodicities ranging from p = λ /6n (low NA Bessel, backward scattering) to almost infinitely large periods. What limits this range is the geometrical focusing requirement: even at very high NA (e.g. 1.27 in water), the angle is still limited to 72.7 degrees which means that cos(arcsin(NA B /n)) can only vary from ≈ 0.3 to 1, excluding from the attainable range the region [λ /3n(1+0. 3) 
. One possible workaround for this limit could be to use two different excitation wavelengths with non-overlapping exclusion ranges. While measuring large periods using QPM seems of limited interest, the possibility to measure periodicity in the range [λ /6n λ /4n] gives access to sub-wavelength information in ordered media.
Comparison of the THG imaging properties of focused Gaussian and Bessel beams
We finally summarize and compare the imaging properties of a Gaussian beam of NA = 0.7 and a Bessel beam defined by NA B = 1.15 ± 0.05. These two beams have similar axial extensions and therefore have fairly similar properties for incoherent imaging, and this axial extension is small enough that it may be used for microscopy imaging. Figure 9 illustrates the difference between these two beams for THG. Figure 9A shows the phase and intensity distribution, with the main differences being the lateral extension and the phase distribution of the beams. Figure 9B displays the difference in THG signal as a function of a slab width, with the Gaussian beam providing maximum signal for a slab of ≈ 2.5μm, corresponding to the effective coherence length in the forward direction, while the THG produced by a focused Bessel beam exhibits a much slower decay because of the favorable off-axis phase-matching conditions. Figure 9C illustrates the average emission angle obtained from the previous geometry, and shows that THG scattering from a Gaussian beam resembles a Gaussian beam while THG from a Bessel beam is close to a Bessel beam. The last panel (Fig. 9D) shows the axial (NA d,Max = 0.2) forward-QPM of the two beams with a period of twice the coherence length in both cases, and a much sharper spatial resonance when using Bessel beams due to the larger interaction distance.
Conclusion and outlook
We have shown that THG from Bessel beams produced by focusing an annular intensity distribution with a high NA lens can be described using simple phase-matching considerations, which can be used to predict the signal expected from model geometries. THG with Bessel beams is interesting from two perspectives:
1. Rapid probing of large volumes, as in the case of extended-depth (incoherent) two-photon imaging.
2. Structural χ (3) microscopy with modified phase matching conditions. Bessel beams have very interesting characteristics for THG, such as the ability to probe organized structures.
We also point out that the combination of focus engineering and spatially selective detection is an interesting perspective, as already demonstrated in CARS [45] , as it allows to separate different contributions, each providing different structural information. The methods explored in this article are generally transposable to other coherent imaging modalities.
Two effects have been neglected in this study which may be of importance in practical situations:
1. We considered optimal beam shaping by normalizing the power at the back focal plane of the objective. Even if there are efficient strategies to produce annular illumination before the focusing objective (e.g. [28] ), some excitation energy will be lost in the shaping process, which is an important issue for a third-order process. Moreover, except in the case of QPM, the energy redistribution in the secondary rings implies a reduced nonlinear signal.
2. We only considered homogeneous media and neglected differences in optical indices. This model obviously needs to be refined in the case of extended depth-of-field imaging of heterogeneous media.
The increased depth of field conjugated with the increased coherence length open interesting possibilities for THG imaging. One is the possibility to image very large volumes, and to obtain quantitative information about the distribution of χ (3) . For example, since lipid droplets are one important source of contrast in biological tissues [18, 46] , THG with Bessel beams could be used to rapidly probe lipid contents in thick samples. Another perspective would be to measure unknown χ (3) more easily than with interference techniques [46] , as the expected signal would be almost independent of the structure. However, the depth of field extension would of course reduce the sectioning ability of the microscope.
One perspective motivating the study of focal field engineering for coherent nonlinear microscopy is that the scattering patterns reflect the interplay between the (unknown) sample structure and a known driving field distribution. The phase and polarization properties of shaped focused beams have started to be investigated in regard to their consequence for coherent nonlinear imaging [13, 45, [47] [48] [49] [50] . Bessel beams appear as good candidates for harmonic imaging of organized media, because they provide a flexible means to control the excitation wave vectors. In good agreement with more accurate simulations, we find that the sinc term that governs the intensity distribution corresponds to an axial width that varies as ∝ 1/(sin(θ B )Δθ ) ∝ 1/(NA B × ΔNA). The phase term should be evaluated after subtraction of the propagation phase term, which scales as ≈ e ikz(cos(θ B −Δθ )) . It is indeed easily seen that this phase term correctly becomes ≈ e ikz for θ B = Δθ , which corresponds to the Gaussian case. The remaining on-axis phase therefore becomes : 
and hence :
